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Abstract
This paper is concerned with the existence of positive solutions for the boundary value problem of one-
dimensional p-Laplacian with delay. The proof is based on the Guo–Krasnoselskii fixed-point theorem in
cones.
© 2006 Elsevier Inc. All rights reserved.
Keywords: One-dimensional p-Laplacian; Delay; Positive solutions
1. Introduction
Differential equations with delay arise from a variety of areas in applied mathematics, physics
and mathematical ecology. Clearly, comparing to the equations without delay, such equations, to
a certain extent, reflect even more exactly the physical reality. In recent years, there have been
increasing interests in the study of this kind of problems, which play a very important role in
many practical problems, and have received a lot of attention.
In this paper, we consider the existence of positive solutions for the following boundary value
problem of one-dimensional p-Laplacian with delay
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u(1) = 0, u(t) = 0, −τ  t  0, (2)
where p > 1, λ is a positive real parameter, and τ is the correlative prescribed positive delay
time, which is appropriately small. For the case τ = 0, problem (1), (2) is related to the two point
boundary value problem of the usual one-dimensional p-Laplacian, which have been widely
studied by many authors, see for example [1–7]. For the case τ > 0 with p = 2, by using a
fixed-point approach, Bai and Xu [8] have studied the existence of positive solutions for the
boundary value problem (1), (2) with g(t, u) having some singularities, and their conclusions are
coincide with the classical results for the non-delay case. In this paper, we present some sufficient
conditions with λ belonging to an open interval in R+ to ensure the existence of positive solutions
to the boundary value problem (1), (2) by employing the well-known Guo–Krasnoselskii fixed-
point theorem [9]. From the processes of the proof, it is worthy pointing out that our conclusions
can also be coincide with the case of τ = 0.
Throughout this paper, we assume that g(t, u) = a(t)f (t, u), where f : [0,1] × [0,∞) →
[0,+∞) and a : (0,1) → [0,∞) are both continuous, ∫ 10 a(t) dt < ∞, a(t) ≡ 0 on any subinter-
val of (0,1). Here a(t) is permitted to have some singularities at the endpoints of (0,1).
The following Guo–Krasnoselskii fixed-point theorem [9] is the fundamental tool we em-
ployed throughout this paper.
Guo–Krasnoselskii Fixed-Point Theorem. Let E be a Banach space and K ⊂ E be a cone.
Assume Ω1, Ω2 are bounded open subsets of E with θ ∈ Ω1, Ω1 ⊂ Ω2, and let T :K ∩
(Ω2\Ω1) → K be a completely continuous operator such that one of the following holds:
(i) ‖T u‖ ‖u‖, u ∈ K ∩ ∂Ω1, and ‖T u‖ ‖u‖, u ∈ K ∩ ∂Ω2;
(ii) ‖T u‖ ‖u‖, u ∈ K ∩ ∂Ω1, and ‖T u‖ ‖u‖, u ∈ K ∩ ∂Ω2.
Then T has a fixed point in K ∩ (Ω2\Ω1).
2. Existence of positive solutions
In this section, we consider the existence of positive solutions to the boundary value prob-
lem (1), (2). First we give the following definition of positive solutions for the boundary value
problem (1), (2).
Definition 1. A function u(t) is called to be a positive solution of the problem (1), (2), provided
that it satisfies the following conditions:
(1) u ∈ C[−τ,1] ∩ C1(0,1), and |u′|p−2u′ ∈ C1(0,1);
(2) u(t) > 0 for all t ∈ (0,1), and satisfies condition (2);
(3) (|u′|p−2u′)′ = −λg(t, u(t − τ)) holds for t ∈ (0,1) in the classical sense.
In order to prove the existence of positive solutions for problem (1), (2), we need a generalized
form of the following lemma, which can be found in [10].
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y(t) 1
4
max
0s1
∣∣y(s)∣∣, 1
4
 t  3
4
. (3)
The generalized form of the lemma is the following.
Lemma 2. If y ∈ C2(0,1) ∩ C[0,1] is such that y(t)  0 for 0  t  1, and y′′(t)  0 for
0 < t < 1, then
y(t) τ
4
max
0s1
∣∣y(s)∣∣, τ
4
 t  1 − τ
4
, (4)
where 0 τ  1.
The proof of Lemma 2 is not difficult, and can be completed by means of Lemma 1 and a
standard concavity argument. So we would omit it.
Remark 1. In fact, in Lemma 2, the condition of y(t) ∈ C2(0,1) is not necessary, and y′′(t) can
be permitted to have finite singular points in (0,1).
We are now in a position to prove the existence of positive solutions. For this purpose, we
introduce a function space E, namely
E = {u ∈ C[−τ,1]: u(t) = 0, for all t ∈ [−τ,0]; u(1) = 0} (5)
with norm ‖ · ‖ given by ‖u‖ = sup{|u(t)|: −τ  t  1}. Then (E,‖ · ‖) is a Banach space. It
is obvious that ‖ · ‖[0,1] = ‖ · ‖ for u ∈ E, where ‖ · ‖[0,1] = sup{|u(t)|: 0  t  1}. If u(t) is a
solution of the boundary value problem (1), (2), then it can be expressed by
u(t) =
⎧⎪⎨⎪⎩
λ1/(p−1)
∫ 1
t
ϕq(
∫ r
θ
a(s)f (s, u(s − τ)) ds) dr, t  θ,
λ1/(p−1)
∫ t
0 ϕq(
∫ θ
r
a(s)f (s, u(s − τ)) ds) dr, 0 t  θ,
0, −τ  t  0,
where θ satisfies
u′(θ) = u(1) − u(0) = 0, θ ∈ (0,1),
ϕp(s) = |s|p−2s, and ϕq = ϕ−1p .
For convenience, we introduce some notations:
f∞ = lim inf
u→∞ mins∈[0,1]
f (s,u)
up−1
, f 0 = lim sup
u→0+
max
s∈[0,1]
f (s,u)
up−1
,
f0 = lim inf
u→0+
min
s∈[0,1]
f (s,u)
up−1
, f ∞ = lim sup
u→∞
max
s∈[0,1]
f (s,u)
up−1
.
For any given θ ∈ (0,1), define a cone K ⊂ E as follows
K =
{
u ∈ E: u(t) 0, for all t ∈ [0,1]; min u(t) 1‖u‖
}
. (6)1/8t7/8 8
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(T u)(t) :=
⎧⎪⎨⎪⎩
λ
1
p−1
∫ 1
t
ϕq(
∫ r
θ
a(s)f (s, u(s − τ)) ds) dr, t  θ,
λ
1
p−1
∫ t
0 ϕq(
∫ θ
r
a(s)f (s, u(s − τ)) ds) dr, 0 t  θ,
0, −τ  t  0,
(7)
where θ is a solution of the following equation
Qu(t) =
1∫
t
ϕq
( r∫
t
a(s)f
(
s, u(s − τ))ds)dr
−
t∫
0
ϕq
( t∫
r
a(s)f
(
s, u(s − τ))ds)dr = 0 (8)
for any u ∈ K . Clearly,
1∫
t
ϕq
( r∫
t
a(s)f
(
s, u(s − τ))ds)dr
is nonincreasing, so is for
−
t∫
0
ϕq
( t∫
r
a(s)f
(
s, u(s − τ))ds)dr.
Hence, Q(t) is a nonincreasing function. Assume there exists t ∈ (0,1), such that a(t)f (t,
u(t − τ)) > 0 (otherwise, we can choose a θ ∈ (0,1), such that Q(θ) = 0), then Q(1) < 0,
Q(0) > 0, it follows from the continuity of Qu(t) that Qu(t) = 0 has at least one solution
in (0,1). Furthermore, if there exist 0 < θ1 < θ2 < 1 and Qu(θ1) = Qu(θ2) = 0, by means of
the monotonicity of Qu(t), we then have Qu(t) ≡ 0 for t ∈ [θ1, θ2].
If u is a solution of problem (1), (2), then it is a fixed point of T . So the existence of positive
solutions is transformed into the existence of fixed point. The following theorem is the main
result of this paper.
Theorem 1. Assume that the delay time is appropriately small, say 0 < τ  12 . If f∞ > 0,
f 0 < ∞, then there exists at least one positive solution to the boundary value problem (1),
(2) for
λ ∈ (max{a1, a2}, b), (9)
where
a1 = 8
p−1
f∞(
∫ 7/8
τ+1/4 ϕq(
∫ r
1/4+τ a(s) ds) dr)p−1
,
a2 = 8
p−1
f∞(
∫ 1/4+τ
1/8+τ ϕq(
∫ 1/4+τ
r
a(s) ds) dr)p−1
,
b = 1
(
∫ 1
ϕ (
∫ r
a(s) ds) dr)p−1f 0
;0 q 0
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λ ∈ (max{c1, c2}, d), (10)
where
c1 = 8
p−1
(
∫ 7/8
1/4+τ ϕq(
∫ r
1/4+τ a(s) ds) dr)p−1f0
,
c2 = 8
p−1
(
∫ 1/4+τ
1/8+τ ϕq(
∫ 1/4+τ
r
a(s) ds) dr)p−1f0
,
d = 1
(
∫ 1
0 ϕq(
∫ r
0 a(s) ds) dr)
p−1f ∞
,
problem (1), (2) admits at least one positive solution u ∈ K .
In order to show the main result, the completely continuity of T is indispensable. For this
purpose, the following two lemmas are needed.
Lemma 3. For any u ∈ K , if Qu(t) ≡ 0, for t ∈ [θ1, θ2], then a(t)f (t, u(t − τ)) ≡ 0 for t ∈
[θ1, θ2].
Proof. Because
θ2∫
θ1
ϕq
( θ2∫
r
a(s)f
(
s, u(s − τ))ds)dr
=
θ2∫
0
ϕq
( θ2∫
r
a(s)f
(
s, u(s − τ))ds)dr − θ1∫
0
ϕq
( θ2∫
r
a(s)f
(
s, u(s − τ))ds)dr

θ2∫
0
ϕq
( θ2∫
r
a(s)f
(
s, u(s − τ))ds)dr − θ1∫
0
ϕq
( θ1∫
r
a(s)f
(
s, u(s − τ))ds)dr,
and in view of Qu(θ1) = Qu(θ2) = 0, we further have
θ2∫
θ1
ϕq
( θ2∫
r
a(s)f
(
s, u(s − τ))ds)dr

1∫
θ2
ϕq
( r∫
θ2
a(s)f
(
s, u(s − τ))ds)dr − 1∫
θ1
ϕq
( r∫
θ1
a(s)f
(
s, u(s − τ))ds)dr

1∫
ϕq
( r∫
a(s)f
(
s, u(s − τ))ds)dr − 1∫ ϕq
( r∫
a(s)f
(
s, u(s − τ))ds)drθ2 θ1 θ1 θ1
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θ2∫
θ1
ϕq
( r∫
θ1
a(s)f
(
s, u(s − τ))ds)dr
 0,
which implies a(t)f (t, u(t − τ)) = 0 a.e. for t ∈ (θ1, θ2). By means of the continuity of a, f , we
immediately infer that a(t)f (t, u(t − τ)) ≡ 0 for t ∈ [θ1, θ2]. The proof is complete. 
Lemma 4. Assume {un} ⊂ K , u ∈ K , and ‖un − u‖ → 0 as n → +∞. In addition, we assume
Qun(θn) = 0, where θn ∈ (0,1). Then limn→∞ Qu(θn) = 0. Furthermore, if Qu(t) = 0 has only
one null point θ0, then θn → θ0; while if Qu(t) = 0 has at least two null points, then there exist
0 σ1 < σ2  1, such that Qu(t) ≡ 0 for t ∈ [σ1, σ2]; and Qu(t) = 0 for t ∈ [0,1]\[σ1, σ2].
Proof. By (8), we have∣∣Qun(t) − Qu(t)∣∣

1∫
t
∣∣∣∣∣ϕq
( r∫
t
a(s)f
(
s, un(s − τ)
)
ds
)
− ϕq
( r∫
t
a(s)f
(
s, u(s − τ))ds)∣∣∣∣∣dr
+
t∫
0
∣∣∣∣∣ϕq
( t∫
r
a(s)f
(
s, un(s − τ)
)
ds
)
− ϕq
( t∫
r
a(s)f
(
s, u(s − τ))ds)∣∣∣∣∣dr
 sup
r∈[0,1]
∣∣∣∣∣ϕq
( r∫
t
a(s)f
(
s, un(s − τ)
)
ds
)
− ϕq
( r∫
t
a(s)f
(
s, u(s − τ))ds)∣∣∣∣∣.
By un,u ∈ K , we see that un,u ∈ C[−τ,1], which implies that ‖u‖, ‖un‖ are bounded respec-
tively. And by ‖un − u‖ → 0, we immediately infer that {un(t)} are bounded uniformly. Then
there must exist an M0 > 0, such that |un(t)| < M0, |u(t)| < M0 for any t ∈ [0,1]. Due to the
continuity of f (s,u) in [0,1] × [0,∞), we see that f (s,u) is continuous and bounded uni-
formly in [0,1] × [0,M0], which together with the continuity of ϕq(s) and the boundedness of∫ 1
0 a(s) ds, by the Lebesgue Dominated Convergence Theorem, it is not difficult to infer that‖Qun − Qu‖ → 0. Therefore, we have∣∣Qu(θn)∣∣= ∣∣Qu(θn) − Qun(θn)∣∣ ‖Qun − Qu‖ → 0.
In what follows, we are going to prove the remains of Lemma 4.
If Qu(t) = 0 has only one null point θ0, and if θn  θ0, then there must exist a subsequence
{θnk } of {θn}, such that θnk → θ∗ = θ0. Due to that |Qu(θn)| → 0, by the continuity of Qu(t),
we then have Qu(θ∗) = 0 which contradicts the fact that Qu(t) = 0 has only one null point.
If Qu(t) = 0 has at least two null points, set
σ1 = inf
{
t ∈ (0,1): Qu(t) = 0}, σ2 = max{t ∈ (0,1): Qu(t) = 0}.
From the monotonicity of Qu(t), we immediately derive that Qu(t) ≡ 0 for t ∈ [σ1, σ2]; and
Qu(t) = 0 for t ∈ [0,1]\[σ1, σ2]. 
By means of Lemmas 3 and 4, it is easy to show that T is a continuous operator, for simplic-
ity, we would omit the detail. Moreover, the compactness of the operator T can also be easily
obtained from the Arzela–Ascoli theorem. Thus we have
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In the following, we pay our attention to the proof of Theorem 1.
Proof of Theorem 1. From Lemma 5, we see that T is a completely continuous operator. For
each u ∈ K , it is easy to check that (T u)′(θ) = 0; limt→θ (T u)′′(t) = −∞ or C, C is a nonposi-
tive constant, (T u)′′(t) 0 for 0 < t < 1, t = θ ; and (T u)(t) 0 for 0 t  1. Then according
to Lemma 2, the following inequality holds
(T u)(t) 1
8
‖T u‖, 1
8
 t  1 − 1
8
,
which implies (T u)(t) ∈ K .
By (9), there exists an 	 > 0 such that
max{a1	, a2	} λ b	, (11)
where
a1	 = 8
p−1
(f∞ − 	)(
∫ 7/8
τ+1/4 ϕq(
∫ r
1/4+τ a(s) ds) dr)p−1
,
a2	 = 8
p−1
(f∞ − 	)(
∫ 1/4+τ
1/8+τ ϕq(
∫ 1/4+τ
r
a(s) ds) dr)p−1
,
b	 = 1
(
∫ 1
0 ϕq(
∫ r
0 a(s) ds) dr)
p−1(f 0 + 	)
.
Let 	 be fixed. By f 0 < ∞, there exists an M1 > 0 such that for u: 0 uM1,
f (s,u)
(
f 0 + 	)up−1. (12)
Let Ω1 = {u ∈ E: ‖u‖ < M1}. It is obvious that
‖T u‖ = (T u)(θ) for all u ∈ K.
Then for any u ∈ K ∩ ∂Ω1, we have by (11) and (12)
(T u)(θ) = λ 1p−1
1∫
θ
ϕq
( r∫
θ
a(s)f
(
s, u(s − τ))ds)dr
 λ
1
p−1
1∫
θ
ϕq
( r∫
θ
a(s)
(
f 0 + 	)up−1(s − τ) ds)dr

(
λ
(
f 0 + 	)) 1p−1 ‖u‖ 1∫
θ
ϕq
( r∫
θ
a(s) ds
)
dr

(
λ
(
f 0 + 	)) 1p−1 ‖u‖ 1∫
0
ϕq
( r∫
0
a(s) ds
)
dr
 ‖u‖.
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f (s,u) (f∞ − 	)up−1. (13)
Take
M2 = max{2M1,8M˜2}. (14)
Let Ω2 = {u ∈ E: ‖u‖ < M2}. For any u ∈ K ∩ ∂Ω2, if θ  τ + 14 , the inequality below follows
from (6), (11), (13), and (14)
(T u)(θ) = λ 1p−1
1∫
θ
ϕq
( r∫
θ
a(s)f
(
s, u(s − τ))ds)dr
 λ
1
p−1
7/8∫
τ+1/4
ϕq
( r−τ∫
1/4
a(s + τ)f (s + τ,u(s))ds)dr
 λ
1
p−1
7/8∫
τ+1/4
ϕq
( r−τ∫
1/4
a(s + τ)(f∞ − 	)up−1(s) ds
)
dr
 1
8
(
λ(f∞ − 	)
) 1
p−1 ‖u‖
7/8∫
τ+1/4
ϕq
( r∫
1/4+τ
a(s) ds
)
dr
 ‖u‖;
while if θ  14 + τ , then we have
(T u)(θ) = λ 1p−1
θ∫
0
ϕq
( θ∫
r
a(s)f
(
s, u(s − τ))ds)dr
 λ
1
p−1
1/4+τ∫
1/8+τ
ϕq
( 1/4∫
r−τ
a(s + τ)f (s + τ,u(s))ds)dr
 λ
1
p−1
1/4+τ∫
1/8+τ
ϕq
( 1/4∫
r−τ
a(s + τ)(f∞ − 	)up−1(s) ds
)
dr
 1
8
(
λ(f∞ − 	)
) 1
p−1 ‖u‖
1/4+τ∫
1/8+τ
ϕq
( 1/4+τ∫
r
a(s) ds
)
dr
 ‖u‖.
Combining the two estimates above, we deduce ‖T u‖ ‖u‖ when u ∈ K ∩ ∂Ω2. Therefore, by
the Guo–Krasnoselskii fixed-point theorem, T has a fixed point u ∈ K ∩ (Ω2\Ω1). Furthermore,
by (T u)′′(t) 0 and the definitions of K , Ω1, Ω2 together with Lemma 2, we immediately infer
that u(t) is a positive solution of problem (1), (2).
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the outline of the proof. First of all, T is a completely continuous operator on K by Lemma 5.
For each u ∈ K , it is not difficult to verify that (T u)(t) ∈ K .
By virtue of (10), there exists an 	 > 0 such that
max{c1	, c2	} λ d	, (15)
where
c1	 = 8
p−1
(
∫ 7/8
1/4+τ ϕq(
∫ r
1/4+τ a(s) ds) dr)p−1(f0 − 	)
,
c2	 = 8
p−1
(
∫ 1/4+τ
1/8+τ ϕq(
∫ 1/4+τ
r
a(s) ds) dr)p−1(f0 − 	)
,
d	 = 1
(
∫ 1
0 ϕq(
∫ r
0 a(s) ds) dr)
p−1(f ∞ + 	)
.
Let 	 be fixed. By f0 > 0, then it is not difficult to choose an M1 > 0 such that for u: 0 uM1
f (s,u) (f0 − 	)up−1. (16)
Let Ω1 = {u ∈ E: ‖u‖ < M1}. Obviously,
‖T u‖ = (T u)(θ) for all u ∈ K.
Then for u ∈ K ∩ ∂Ω1, if θ  τ + 14 , in view of (6), (15) and (16), it can be obtained that
(T u)(θ) = λ 1p−1
1∫
θ
ϕq
( r∫
θ
a(s)f
(
s, u(s − τ))ds)dr
 λ
1
p−1
7/8∫
τ+1/4
ϕq
( r−τ∫
1/4
a(s + τ)(f0 − 	)up−1(s) ds
)
dr

(
λ
(
f 0 − 	)) 1p−1 7/8∫
τ+1/4
ϕq
( r−τ∫
1/4
a(s + τ)up−1(s) ds
)
dr
 1
8
(
λ
(
f 0 − 	)) 1p−1 ‖u‖ 7/8∫
τ+1/4
ϕq
( r∫
1/4+τ
a(s) ds
)
dr
 ‖u‖;
conversely, if θ  τ + 14 , then we have
(T u)(θ) = λ 1p−1
θ∫
0
ϕq
( θ∫
r
a(s)f
(
s, u(s − τ))ds)dr
 λ
1
p−1
1/4+τ∫
ϕq
( 1/4∫
r−τ
a(s + τ)(f0 − 	)up−1(s) ds
)
dr1/8+τ
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8
(
λ
(
f 0 − 	)) 1p−1 ‖u‖ 1/4+τ∫
1/8+τ
ϕq
( 1/4+τ∫
r
a(s) ds
)
dr
 ‖u‖.
Therefore, for any u ∈ K ∩ ∂Ω1, we all have ‖T u‖ ‖u‖.
Next, by f ∞ < ∞, there exists an M˜2 > 0 such that for u > M˜2
f (s,u)
(
f ∞ + 	)up−1. (17)
If f is bounded, then there exists an N > 0 such that f (s,u)N for any s ∈ [0,1], 0 u < ∞.
Take
M2 = max
{
2M1, (λN)
1
p−1
1∫
0
ϕq
( r∫
0
a(s) ds
)
dr
}
,
and
Ω2 =
{
u ∈ E: ‖u‖ < M2
}
.
Then for any u ∈ K ∩ ∂Ω2, we have
‖T u‖ = (T u)(θ)
= λ 1p−1
1∫
θ
ϕq
( r∫
θ
a(s)f
(
s, u(s − τ))ds)dr
 (λN)
1
p−1
1∫
θ
ϕq
( r∫
θ
a(s) ds
)
dr
 (λN)
1
p−1
1∫
0
ϕq
( r∫
0
a(s) ds
)
dr
M2
= ‖u‖.
While if f is unbounded, it is not difficult to see that there exists an M2 > max{2M1, M˜2} such
that
f (s,u) f (s,M2) for all 0 uM2, (18)
take Ω2 = {u ∈ E: ‖u‖ < M2}, then for u ∈ K ∩ ∂Ω2, applying (15), (17), and (18) to the
following inequality, we get
‖T u‖ = (T u)(θ)
= λ 1p−1
1∫
θ
ϕq
( r∫
θ
a(s)f
(
s, u(s − τ))ds)dr
 λ
1
p−1
1∫
ϕq
( r∫
a(s)f (s,M2) ds
)
drθ θ
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(
λ
(
f ∞ + 	)) 1p−1 M2 1∫
0
ϕq
( r∫
0
a(s) ds
)
dr
M2
= ‖u‖.
Therefore, by the Guo–Krasnoselskii fixed-point theorem, T has a fixed point u ∈ K ∩
(Ω2\Ω1). In addition, by (T u)′′(t) 0 and the definitions of K , Ω1, Ω2 as well as Lemma 2, it
is easy to see that u(t) is a positive solution of problem (1), (2). Up to now, the whole proof of
Theorem 1 is complete. 
Remark 2. From the property of T u, it can be seen that u is a convex upward function, and θ in
fact, is the maximum value point of u.
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